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About the same time, the subject of scattering of elastic waves
in solids was revived in the fields of acoustics and geophysics for
the purpose of studying energy losses as sound waves pass through ob-

stacles in an elastic matrix. In 1956, Ying and Truell investigated

(1.79)

the scattering of plane waves by a spherical obstacle, and later,

White (1958) studied the scattering at a cylindrical discontinuity with

(1.80)

experimental observations. Both were dealing with waves varying

harmonically in time. The problem of a spherical obstacle has also

;(1.81) (1.82) 1¢ the incident

been treated by Takeuch and by Knopoff.
wave were a pulse, the analysis becomes more complicated. In 1959,
Gilbert and Knopoff provided an asymptotic solution (early time) for
the diffraction of a step pulse by a circular o%wwsmmn.nw.mwv
Once the true cause of stress concentration was identified with
the diffraction of elastic waves, this knowledge was immediately ap-
plied to new findings. Interestingly, experimental investigation of
dynamic stress concentration was initiated independent of theoretical
analysis at about the same time. Using the method of dynamic photo-
elasticity, Wells and Post (1958) investigated the dynamic stress

(1.84)

distribution surrounding a running crack, and Durelli and Dally

(1959) measured the dynamic stress concentration factor at a central

(1.85)

circular hole in a plate subjected to axial impact. Research

activity has greatly accelerated in the sixties, resulting inevitably

in a flourish of publications, most of which will be reviewed in the

subsequent chapters.

—
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2. ELEMENTS OF THE THEORY OF ELASTICITY

AS MENTIONED IN THE HISTORICAL INTRODUCTION, the theory of elasticity
had been well developed by the middle of the 19th century. About that
time, several treatises on the subject appeared in different languages.
In English, the first edition of Mathematical Theory of Elasticity by
A. E. H. Love was published Hs.wmow.» The book was revised three times
and the last edition appeared in 1927. It has since been reprinted
many times and is still used widely. Many textbooks on the same sub-
ject are also available, of which we mention the one by Timoshenko and

Q. (.21 and by Green and Zerna

Goodier (1969), 161 by sokolnikoff (1956),
Awommv.An.wv All the books cited above contain excellent accounts of
the general theory of elasticity: there is no need to describe it here.
In this section and the next, only the parts of the general theory,

and equations which are basic to investigating the scattering of elas-

tic waves, will be presented, and only briefly.

2.1. Deformation, Displacements, and Strains

A continuous body subjected to the action of external forces oc-
cupies different regions in space from time to time. Let the regions
be referred to a Cartesian coordinates system, fixed in space. Every
particle of the body is identified initially by the coordinates
a.(i =1, 2, 3). If the particle is carried to a new position with

1

coordinate 8mAm =1, 2, 3), the transformation

*
Thomson (Lord Kelvin) and Tait's Treatise on Natural Philosophy
appeared earlier (in 1879) but it was much broader in scope and covered
rigid body statics and dynamics, elasticity, and hydrodynamics. W. J.
Ibbetson's Mathematical Theory of Perfectly Elastic Solids (in 1887)
was much less in contents.
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z, = aﬁnﬁp. Aps Ags wv. mnp.n.w. AN.Hmv

where ¢t is considered as a parameter, is called the deformation. We

assume that the inverse transformation

a;, = Qmmaw. Tys Lgs wv, mnp.n.w AN.HUV

uniquely exists. The directed line segment which connects these two
positions of the same particle is called the displacement, a vector

quantity with components Uy As can be seen from Fig. 2.1,

(2.2)

By applying Eq. (2.1), u; can be expressed as a function either of

the material coordinates a,, or of the spatial coordinates ;-

Fig. 2.1. Geometry of Deformation

The change in length and in relative direction between two ad-
jacent particles accompanying the deformation is called strain. To

study strains, it is necessary to consider the local behavior of the
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deformation. We define

de. = llN.&Q.w da. = —% dx.. (2.3)

(The summation convention over repeated indices is adopted throughout.)

By using Eq. (2.2), the coefficients of differentials in (2.3), known

as deformation gradients, can be expressed as

X . du. da. du..

=45, +—L L=, -t (2.4)

aa . 7 da . ; dx . 7 ox. ?
i %% i %%

s:mﬂm mmu MmnsmanSmnwmﬁmmunm.swwn::mmnrm<mwcmosm£rmswu I
and zero when 7 # j. The quantities w:w\wnm and w:m\m8u are the

displacement gradients referred to the material coordinates and spa-
tial coordinates respectively. We note that the part aﬁh represents

a translation which shifts &R& to &Qm or vice versa.

A body is rigid if the distance between any two particles remains

unchanged, i.e.,

dr. de. = da. da..
7 1 i L

The displacement for a rigid body is composed of a translation of a
particle of the body plus a rotation of the body about that particle.
The body is said to be strained if the relative positions of any
two particles of the body change. A strained body is elastie if,
after the external agents that induce the strain have been removed,
the body recovers its original shape and size. In other words, the
region v occupied by the deformed body (Fig. 2.1) can be brought to

coincide with the region V through a rigid-body displacement after
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38 DIFFRACTION AND STRESS CUNCENITHATIONS

the removal of external forces. Elasticity theory is concerned with
the deformation of an elastic body.
In the linear theory of elasticity, it is assumed that the dis-

placement gradients are small, so that the product

@
&
X
-5
&
X
@
&
Xt
@
&
P

=~ —— and

<,
Q
8
%)

o8

can be neglected in comparison with w:w\wn% and m:w\mau respectively.

Furthermore, the product

.w:m w:w
va» wnm
is also neglected. Thus
w:m . w:m uaw . w:w A m:w . w:m N vzm m:w n.w:m
. dx, da. 9 i da. 3x, dx, da. ox.?®
wnm g nm e kg z xw X nm nw

which implies that the material and spatial displacement gradients
approximate each other. This enables us to establish the kinetic
equations for a strained elastic body with reference to either the
deformed or undeformed region. Henceforth, we shall use spatial
description.

Equations (2.3) and (2.4) show that the local behavior of de-
formation is characterized by a nnmsmwmnwow and the displacement
gradient w:m\waw. We decompose the latter into the symmetric and
antisymmetric parts:

ou.

i T A
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RSN
du., U .
I...._h.l\m. —d

€15 = 2\ %z, vz ) 2.5)
7 7
du. ou .
12 _ 4

“iji T2 oz; " awy [ (2.6)

The symmetric part mw% is the small strain temsor. It characterizes

the change in length and relative position of line elements. The

antisymmetric part w1 is the small rotation tensor. It represents

the average rotation of two line elements initially at right angles
to each other. There are only three nonvanighing components of emm.
which can also be derived from the curl of the vector u by @ = -3V x u,

or from

w, = -he., —= 2.7

Amw%x is the permutation symbol which has the value +1 when the in-
dices are in cyclic order (123, 231, 312); -1 when in acyclic order
(321, 213, 132); and zero otherwise.) The components of the anti-

symmetric tensor emu in (2.6) and those of an axial vector w, in (2.7)

are connected by the relation
w

= Wog = W15 Wy =W

12 3’ 2°

The three components €110 € of the small strain tensor

22° ©33
are the nmormal strains, whereas the remaining elements mun. mHu. mnu
are the ghear strains. The sum of the three normal strains, which is

also the first scalar invariant of the strain tensor, is called cubi-

eal dilatation or simply dilatation,
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40 DIFFRACTION AND STRESS CONCENTRATIONS

m»NA u mHH + mnn + muw n wzw\waw. (2.8)

It equals approximately the ratio of the increment of volume to the
original volume of a cubical element,

To assure the single-valueness of displacement upon the integra-
tion of Eq. (2.5), the six strain components must satisfy the compati-

bility conditions

“i5.k0 ¥ ka,as T Sak,ge T Se,ik = O (2.9)

In problems of elastodynamics, solutions are usually found directly
in terms of displacements (see subsection 2.4). Thus, if the displace-
ments are continuous and single-valued functions, the strains derived

from Eq. (2.5) are always compatible.

2.2. Forces, Tractions, and Stresses

Deformation of an elastic body has among its causes the action of
a force, a vector quantity. Forces that act throughout the body and
are generally proportional to the masses of the particles are called
body forces. Those that act over a surface of the body are surface
forces.

If a deformed body is divided into two parts by a fictitious
plane, the action of one part of the body on the other can be repre-
sented by a force and a couple. Since the action varies from point
to point on the plane, we introduce the surface traction and the sur-
xW&m.@o:@Nm to represent the action at a point on the plane. The in-
tegral of the surface traction over the entire plane equals the total

force. Surface traction, a vector, will be denoted by qnxv. where n
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is a unit vector normal to the plane. The total couple on the plane
then equals an integration of the surface couple over the entire area.
In the classical theory of elasticity, the surface couple is assumed
to be of negligible importance. When two bodies are mutually in con-
tact, the action of one body on the other through the contact surface
can also be represented by surface traction quv.

The traction not only changes from point to point, it also depends
on the orientation of the plane through a given point. It can be shown
that at a point, if the tractions acting on three mutually perpendicu-

AC. e

lar planes (T , and qﬂuvv are known, the traction over any

other plane with direction normal n can be calculated by

3.

T _ :pdAHv + :NdAmv +ng

Hsm n, are the components of n along the coordinate axes ARH. Tos Ruv

formed by the three planes. Since each vector may be resolved into
components along the three axes, the components of the traction on a

plane with normal n are given by

n) _ (1 (2) 3 _ @) -
mw = :Hﬂm + 3wa + :www =n.T: 1, = 1,2,3.

When expressed in terms of a new symbol Qmu

&.& =04 i,§ = 1,2,3, (2.10)

we have
Y =n.0, .. (2.11)

The nine components qwu of tractions at three surfaces form a stress
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42 DIFFRACTION AND STRESS CONCENTRATIONS

tensor which specifies completely the force action at a point in a
deformed body.

The components 011 Ogp3 O35 are normal stresses. Each is the
normal component of the traction acting on the surface perpendicular

to amlmxnm. The remaining six tangential components are shear stresses.

2.3. Equations of Motion and Comstitutive Equations

The equations of motion for an elastic body are derived from the
principles of balance of momentum, balance of angular momentum, and
balance of energy. Consider an infinitesimal element of an elastic
body with mass density p being subjected to a body mowom per unit

mass f. From the balance of momentum is deduced the equation of

motion
wam. wnx.
—L+of; =0 —4 (2.12)
Ti J at?

The balance of angular momentum leads to the result

€1k = O

which implies that

QQ.NA = aw% (2.13)

or that the stress tensor is symmetric.
The principle of balance of energy states that the rate of change
of energy equals the rate of work done by the external forces acting

in the elastic body. Let W be the internal energy per unit of volume

of a strained body. By applying this principle it can be shown that
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&m..
%
T = 9y —L. (2.14)

If in addition, the internal energy density W is a function of

nine strain components,
W= Qﬂmw%v. (2.15)
it then follows from the equation of balance of energy (2.14) that

thmw.v

.. = —_—td
1d €, .,
2

Since both strain and stress tensors are symmetric, we write

1{ W W
G,., == +
14 2 wmmu wm%w

. (2.16)

Equation (2.15) defines the property of the material and it is
known as the constitutive equation for an elastic medium. The linear

theory further assumes that W is a quadratic function of mwm

AR X IR I (2.17)

where Qw%»n are constant coefficients if the material is homogeneous.

Substitution of (2.17) in (2.16) results in a stress-strain relation

%g = Cigrtie’ (2.18)

which is known as the generalized Hooke's law for an aelotropic, homo-
geneous elastic material. Because of the assumed quadratic form (2.17)
and the symmetry of o.. and €.., the elastic constants Q.uxn possess

d i Z
the following symmetry
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=c., =c., (2.19)

C. . = SQNNA.

igks = Creig T Ciike

Thus out of 81 components of c. , only 21 are independent.

1k

If the material is also isotropic

Critn = Mi0kg TGy + 850850

where A and p are known as Lamé's constants and the sress-strain re-

lation assumes the simple form

Qwh ym»waﬁu + mtm&u. (2.20)

Instead of X and u, other constants are also used to represent
the elastic property of an isotropic, homogeneous material. The com-
mon ones are Poisson's ratio v, Young's modulus E, and bulk modulus k.
Any one of these constants can be expressed in terms of the other two
as shown in Table 2.1. Since p relates the shearing stresses qm%Am $3)

to shearing strains, it is also called shear modulus.

2.4. Boundary Value Problems of Elasticity
In the previous subsections, we have shown that the components
of stress tensor Qw%, strain tensor mwm, and displacement vector u.,
. ; J

a total of 15 unknown quantities, are related by the following 15

equations:

wam. mwz.
w.&w + Duq%. =p w.‘\.Nv (2.12)

(2.18)

.. =C.., €
9. Ciika ke’

Table 2.1

EQUIVALENCE OF ELASTIC CONSTANTS
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1 w:w U .
%5 =2 \5x + 3x
1 3 )

. (2.5)

The body force ﬂw. density p, and elastic constants mm%wn are assumed

to be given. Elimination of mwu and then Qmu from the above equations

leads to

k (2.21)

and finally,

52 2%y
u .

k =p —i (2.22)
.. —— +pof. =p . .
Qeuwn wawva& ww wwm

This is the equation of motion in terms of the displacement vector for
a homogeneous elastic body.

For an isotropic material, c. is replaced by two constants,

17k

A,us as in (2.20). From the displacement components, stresses can be

computed directly by

u ou., du .
6. = A =L o. . +u=t+=L), 1,5,k =1,2,3, (2.23)
17 wax %] w8m wﬁm
and the equation of motion is
2 2 2
3 u, 9 U, 3 U,
£ d g of, =p —iL, {,j=1,2,3.
G+ .oz, T ¥ 3z.0x. o%w e wwm. »! *e
T d 101
(2.24)

The above equations are expressed in terms of Cartesian compo-
nents of vectors v and f, and the stress tensor g. They can also be

expressed in terms of the vectors and the tensor themselves as
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g =20 - W +ulu+uv), (2.25)
(A + p)vv « y + =<Nc +of =p{. (2.26)

Here dots over a quantity mean the partial derivative with respect to
time, and the dyadic notation is used. (See Chapter 1 of Ref. 2.3.)
Thus V is the vector differential operator and L is the unitary dyadic.

Over the surface, 8, of a body (Fig. 2.1) with volume, v, the
action of external sources is described in terms of forces or geometri-
cal constraints, or more precisely, by means of prescribing tractions
4A:v or displacements y. Thus the determination of the deformation of
an elastic body can be formulated as a boundary value problem.

For a homogeneous, isotropic elastic body with volume v and sur—
face g = mH + mm. given body force pf in v, surface traction ﬂA:v over
8 with normal n and displacement y over 8,9 determine the displacement

emam.wV in v that satisfies the equations

A+ W -« v+l +of =pop inov (2.26)

with
™ oD I+ un] cn = T®  on 5 (2.27a)
v=u onasg,. (2.27b)

2

In addition, since the displacements are reckoned from some conven-
iently chosen time which is taken as ¢t = 0, the displacement co and
velocity @0 at time ¢ = 0, known as the initial conditions, must also

be prescribed. Thus to the above equations, we add
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u(x,,0) = u,
in v. (2.28)
CAunquv = CQ

This completes the mathematical formulation of the dynamic problems of
elasticity.

As assured by the uniqueness theorem, if a solution were found

which satisfied Eqs. (2.26), (2.27), and (2.28), it then would be the 5

one and only solution. Dispensing the complete theorem and proof, we
merely note the sufficient conditions for a unique solution (Chapter 7
of Ref. 2.4):

(a) Specification of the initial displacement and velocity
throughout the body;

(b) Specification, at each and every point of the surface of any
one of the eight combinations formed by choosing one member of each of

the three products:

O U _, a U s
nmn ns 8

Ont¥e
where n, 8, and t indicate three mutually perpendicular directions and
n is normal to the surface.

With the above conditions satisfied, a solution found for the
boundary value problem which is formulated by equations (2.26) through
(2.28) is ensured to be unique. The above theorem also suggests that
boundary conditions other than (2.27) can be used. For instance, along
a surface normal to the coordinate axis x,, we can specify Uy =09 =
913 = 0, a condition sometimes called the rigid-smooth boundary. Such

a boundary condition seems to be further removed from reality than the
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condition for a rigid surface (2.27b) or a traction-free (stress-free)
surface (2.27a). However, they are encountered occasionally in prac-

tice when one is not sure of the real physical bounding conditions at

the surface.

2.5. Reduction to Wave Equations

In the absence of body force, the displacement equation of motion

is

O+ W+ v+ w7 = pij. (2.29)

According to the Helmholtz theorem, any vector field can be expressed
as the sum of the gradient of a scalar field ¢ and the curl of a vector

field ¥:
v=Vp + 9V x WY, V ew¥=0, (2.30)

We call the ¢ and ¥ the scalar and vector displacement potentials re-

spectively. Substitution of the above to (2.29) leads to
2 .. 2
VIO + 21V - p§] + V x [uv°¥ - oy] = 0,

which is satisfied if

2

2 .
Ve = o, e = (A + 2u)/o,
v

TN

e

p
2
8

\ 2.31
. ( )

] Y=Y, e

(23 S )

= u/p.

It is seen that ¢ and ¥ satisfy a scalar and a vector wave equation

respectively.

Since the wave equations are much simpler than the original
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equations of motion, solutions for u will be constructed from (2.30)
in which the potentials satisfy the wave equations (2.31) and the
boundary and initial conditions. A question arises as to whether
every solution of (2.31) is included in the above procedure. This is
answered by the completeness theorem (Ref. 2.5) stating that every
solution of (2.29) admits a decomposition of (2.30) with ¢ and ¥
satisfying the equations (2.31).

The completeness theorem also assures that there are only two
types of waves in an elastic solid, the one given by ¢ propagating
with wave speed ¢ _, and the other given by ¥, which propagates with

14
a speed Cge Since A > 0 and p > O, Qv is always larger than gt
The ratio of these two wave speeds is a function of Poisson's
ratio, v, of the material only. Because of its frequent occurrence

in elastodynamics, we denote it by % with

. = % . A» + Ntku 2 - chw. (2.32)

Qu u 1 - 2y

The constant * may be treated as another material constant in lieu of v.
Because of its faster speed, the wave arising from Ve is called
the primary wave (P-wave). The one from V x ¥ is called the secondary
wave (S-wave). Since each type of wave can be identified by other
physical characteristi¢s, primary waves are known also as dilatational,
irrotational, compressional, longitudinal waves, etc. The corresponding
names for secondary waves are rotational, equivoluminal, shear, trans-
verse waves, etc. In the ensuing discussion, the two types of wave
will be identified simply as P-wave (Pressure or Primary wave) and

S-wave (Shear or Secondary wave).
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2.6. Plane Waves

In a solid, plane waves are represented by

&
"

;mwﬁawcx - at),

or (2.33)

Af(r « v - ct),

where A is the amplitude; f an arbitrary function; v, the wave normal,
which indicates the direction of wave propagation; and ¢ is the wave
speed. Not every ¢ and every amplitude vector A are feasible solu-

tions of (2.29). Substitution shows that only when
A+ WA v+ (o -ocD)A=0

does the form given by (2.33) represent plane waves in elastic solids.

The equation directly above is satisfied if

2 A+ 2u)/p = QN.

p

(1) A= |Alv and ¢

(2.34)

(2) A*v=0 and %nionaw.

The first is a plane P-wave with the displacement vector parallel to
the wave normal; the second is a plane S-wave where the displacement
vector is always at right angles to the wave normal.
Instead of (2.33) and the condition (2.34), we can also repre-
sent plane elastic waves in terms of displacement potentials. A P-
wave is given by
?=9f(r-v- uvs.

(2.35)
¥=0,
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with corresponding displacements

v, = <eu eo:z: .<- awﬁ. G.us

where prime indicates differentiation with respect to the argument.

Shear waves can be represented by

¢ =20,

¥ ‘WQAq c v - Qme.

where Aw is any constant vector perpendicular to v. Let P, a unit
vector, indicate the polarization of a shear wave. We can write

ew = eot x v and represent the shear wave by

¢ =0,
(2.37)

v eoAt x v)g(r « v - Qmwv.

where fo is a scalar coefficient. The potentials in (2.37) yield the

displacement vector

| | ~ - | o "
U, =V x¥=1¥pg'(r-v-et), P-.v=0. (2.38)

There is no ambiguity about the polarization of a plane P-wave,
as the displacement vector c@ is always parallel to the wave normal
v. However, unless P in (2.38) is specified, the polarization of a
shear wave 1is uncertain because u, may be along any one of the infi-
nite unit vectors normal to v (Fig. 2.2). As a matter of convenience,
we choose, in a medium, a straight line as the vertical axis oamlmxwm

in Fig. 2.2) and refer to any plane perpendicular to the straight line

as the horizontal plane. Shear waves with polarization parallel to
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Vertical axis

%y

Wave normal
v

R\ a\)/NAN// Plane wave surface
3
Horizontal

plane

Fig. 2.2. Polarization of S-Wave

the horizontal 8w|mxwm are called SH waves; the ones with polarization
parallel to a vertical plane AHHIHN plane) are SV waves. This reference
system is very convenient in dealing with seismic waves as the ground
surface provides a natural horizontal base. For other problems, we
can judiciously choose a particular direction as the vertical axis, and
the rest of the axes follow.

The functions f and g in the above are arbitrary functions, in-

cluding the generalized functions. Familiar examples are the unit step

function

0, £ <0,
h(g) =
1, £ >0,
and the delta function
8(g) = h'(E).
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If in (2.36), f'(E) = h(£) and
= - . 2.39

v, av<xﬂnuw rev), ( )

(2.39) represents a step plane P-wave. At a given position r = r,

there is no disturbance for ¢ < Amu . <\aﬁv. At time ¢ = ro <\nv.
the displacement suddenly jumps to the magnitude ?, and remains con-
stant thereafter. If f'(£) in (2.36) is a delta function, the dis-
placement at the station r, increases suddenly to a large value at

t = r <\0w and dies out as the pulse passes.

Another function of special interest is the harmonic function
exp (*iwt) where w is the eircular frequency (radians per unit time).
It is understood that whenever such a function is used, only the real

or the imaginary part represents the motion. Thus, if in (2.35) we

let

mxn-.<|awwv - kg

?=9e ®e
(2.40)
¥=0,
xn@ = w, kv = k, @=1r-v- n@w.
the displacement has the form
u = iko <mmx@ (2.41)
p o ’

where the coefficient AV =g + ib is taken as a complex number. The

actual motion is represented by either the real part

v, = -Vk(a sin k8 + b cos k@) = ~vk/a® + b? cos (ke - €))

(2.42a)
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or the imaginary part

cv n<wAnnomw®|wmwnx®vn <x\m~ + @N cos (k@ + amv (2.42b)

with € = nmsupAa\wv and €, = nmsnwAw\nv. Since
k@=kr cv-wt=k -+ r - ut,

the motion is simple harmonic in time and sinusoidal in space. We
call @ the phase of the wave, k the vector wave number, and € the
phase constant. The wave number is related to the wave length A by
k = 27/ and to the circular frequency w by k = E\Qv for the P-wave.
As can be seen from (2.41) and (2.42) we could use the sine and cosine
functions directly, in lieu of the exponential form, to represent the
waves.

Wave propagations that are represented by harmonic function
exp [{(k* r - wt))(-» < £ < =) ag in (2.41) are designated as the
8steady state. The motion continues, and no time can be reckoned for
when the motion started, nor for when it is to end. If the body is
at rest before a certain time ¢t = wo and the motion is initiated at
t =t , the waves are in the transient state. Wave motion represented

o

by (2.39) is clearly a transient one; so is the motion

6 <mwar.qnenv

, t> |rl/e,,

o, t < _q_\qu.

The latter, although a sinusoidal motion, does not start at a given
position until time ¢ = t = _q_\Qw.

In Section 4, we shall discuss these two types of motion in detail.
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It is sufficient to note here that they are related through the prin-
ciple of superposition. Knowing the steady state wave propagation,
the transient phenomena can be determined by superposing steady waves

of all frequencies.

2.7. Equations in Orthogonal Curvilinear Coordinates

From Eqs. (2.30) and (2.31) it is seen that the displacement field
of an elastic solid in motion can be represented by a scalar potential
¢ which satisfies a scalar wave equation, and by a vector potential
¥ satisfying a vector wave equation. The vector wave equation is
actually a composition of three equations for the three components of
¥. Except in Cartesian coordinates, all three components may occur
in all three equations when they are expressed in terms of orthogonal
curvilinear coordinates. The coupling of all three unknown components
of ¥ in three equations causes immense difficulties in tracking the
solution of the vector wave equation.

Even if the solutions of the simultaneous equations are obtainable,
there is still the difficulty of meeting the boundary conditions as
the components of the potential W must be combined with ¢ to yield dis-
placements and stresses which are the usual quantities specified on
the boundary of an elastic solid. If, however, the boundary is one of
the orthogonal curvilinear coordinate surfaces, some simplification
is possible. A general approach is to decompose a vector wave field
into three parts, with each part determinable by a scalar wave function.
(See Chapter 13 of Ref. 2.3.)

Let mw. mm_ and mw be the three orthogonal curvilinear coordinates,
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with scale factors NH. wN. and xu defined by
2
Awm&mmv »

where x, are the Cartesian coordinates and ds is the length of a line

element. When the transformation of the coordinates is specified by

.&.ﬁ. " H\mﬁm“_.n mN. mqu 1= 12,3,

or its inverse
7

E. = N&AHH- .dNu .R.wV'

the scale factors can be computed by

dxr.\2 9x,\2 dx, \2 3L \2 3E .\2 3E \2[|-1
welee) ) 6 - &) &) B [
J J J 1 2 %3

The direction of each coordinate curve is indicated by a unit vector
ownw = 1,2,3). For scattering problems, one or several of the coor-
dinate surfaces may form the boundary of a scatterer (Fig. 2.3).

The dilatational part of the displacement u is given by the

gradient of a scalar potential @ with
v (dilatational) = L = Vo (2.43)

and the rotational part by V x Wwith V » W= 0. On account of the
condition of zero divergence, only two of the three components of W
are independent. Since ¥ gives rise to a shear wave, the resolution
of a plane shear wave into SV-wave and SH-wave suggests that ¥ may be

decomposed into two parts: One is a vector along a preferred direction,
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mwnoo=mn. h.dE

Fig. 2.3. Curvilinear Coordinate System Amw. €y muv

say e, and the other is at right angles to the first vector. Thus

we set
¥ = e wy) + 2V x (eqx),

where V(B sEg5Eqs t) and x(£,85,€4s t) are two unspecified scalar
functions, eﬁmuv is a function of coordinate mw. and £ is a scalar
factor having the dimension length. The factor % is introduced to
give x the same dimension as y.

The two displacements corresponding to y and x are represented

py M and N respectively, with
v (rotational) = M+ N
=V x V¥
=V x (egy) + &V x V x (e ). (2.44)

It is clear that the first component M = V X ?u&ev = V(wy) x e, is

w»
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perpendicular to e, and is tangent to the surface mw = constant. For
the case of plane wave propagation Cartesian coordinates are used.
1f ou is taken in the direction of wave normal, the coordinate sur-
faces mu = constant are then the wave fronts, and y and x give rise
to the plane SV- and SH-wave respectively. (See Chapter II, Section
2.) However, when the curvilinear coordinates are used for the gen-
eral wave propagation, the coordinate surfaces are not necessarily
the wave fronts. Thus the shear wave displacement may or may not be
tangent to the coordinate surfaces.

As a displacement potential each part of ¥ must be a solution
of the vector wave equation (2.31). In other words, ¥, X, and w

should be chosen so as to satisfy the following equations:

2.2
eg v A»wsev eu7,

(2.45)

om~<-< x(ewx)] =V x A»uamv.

The restriction on the choice of ¥ could be somewhat relaxed if we
recall that in the derivation of (2.31), the condition that ¥ must

meet is actually
2 .
V x [uvW - p¥] = 0.
Hence, instead of (2.45), the ¥ could be chosen to satisfy

wi] = 0. (2.46)

v x ?m~<~?.ua§ - ey

We proceed first with the determination of y and note that for
any vector field F,

v2E=V(V-F) -V x ¥ x F.
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Applying the well-known formulas of vector calculus in curvilinear

coordinates, we find

A AﬁﬁevnQENN m (h wNEGV s

17273
3
v xV x (e §S ! = wm mﬁrusev %2 _.w Qwaev
hohy 384 hihy 38 *t7 x wmu_.xw 3 3E,
P_. 3 (hywy) e hy 3(hg¥)
T x oE _. 3, 3L, xqu oL,

If ww is constant and xw\xw is independent of the coordinate mw. the

above expressions can be simplified considerably with the result

C a(hih
2 1| we 1
Vi(ewy) = 5=V

3 ww ﬁxwww wmu

- 3(h.h

+e |viwyy - L2y 1 ) (2.47)
wﬁ nhnt %3 %y
172"

It is comfortable to note that in addition to the Cartesian coordinate

system, all the cylindrical coordinate systems (circular, elliptical,

and parabolic), the spherical coordinate and the conical coordinate

systems also belong to this category.

For the three cylindrical coordinates, wwwm is also independent

of the £. coordinate. We thus set w = constant and reduce Eq. (2.47) to

3

2 _ 2
v Aousev = Smw< Y.

It is seen that the vector wave equation (2.45) is satisfied if
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e Vv =9, (2.48)

which is a scalar wave equation for the wave potential function
eAmH. mN. mw. t).

For spherical and conical coordinates, xwwm = mwwwﬁmwommv. the

choice of w = constant is to no advantage. Substituting the following

result
2
Vowy) = scme + 2(Ww) - (Vy) + eqms

into (2.47), we obtain

S(h.h
1 |w 2%
e = 7= v —12
A PR T
2
PR T T P ag 2ty
hy 3983 e, hihy 385 3E4

(2.49)
Of the coefficients of mu the terms inside the brackets will cancel

each other if Eﬁmuv is linear in mw. Setting w mu. we obtain

w =
v(ewy) = (2/h)vy + 2
3 3 ] 0w?~< ¥).

The first term with grad ¥ need not concern us here because
curl(grad ¢) = 0. Hence if Y is a solution of the scalar wave equa-
tion as in (2.48), the condition (2.46) is satisfied.

In either of the above two cases, the task of finding the first
part of the potential ¥ is reduced to solving the scalar wave equa-
tion (2.48). Admittedly, this procedure works for only six systems

of curvilinear coordinates.
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The second scalar potential X can be determined in exactly the

same manner. It is to be a solution of the scalar wave equation

amm%x = 5. (2.50)

In summary, the displacement vector u may be resolved into a
dilatation part (P-wave) L = Vo and a rotational part V x ¥ (S-wave)
where ¢ satisfies a scalar wave equation and ¥ a vector wave equation.
Out of the eleven coordinate systems (confocal quadric surfaces) for
which the solution of a scalar wave equation is separable into product
of three factors, each dependent on only one coordinate, there are
only six coordinates for which the vector wave equations are separable.
They are: Cartesian, circular cylindrical, elliptic cylindrical,
parabolic cylindrical, spherical, and conical coordinates. For those
systems with coordinates mmﬂw = 1, 2, 3) and unit vectors e, the

rotational part may be decomposed further into two components M and

N with
U=L+M+N (2.51)
and
L = Vo,
M=V x (ewy) = V(wp) x ey, (2.52)
N =27 x 7 x (ewy) = 27 |20 | e uvy
3 3E, 3

where % is a scalar factor with length dimension and 9, ¥, x satisfy

the following scalar wave equations [Egs. (2.31), (2.48), and (2.50)]:
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2.2 .
Qw<eue.
2.2 “
g vy = ¢, (2.53)
22 .\
Qm Vx=x. 3

The vector M is always perpendicular to the unit vector ey and N is
at right angles to M when wAEXV\wmu is proportional to wy.

For the Cartesian system, ow may be directed along any one of
the coordinates and sAmuv is taken as 1.

For the three cylindrical coordinate systems, e, is taken along
the axis of the cylinder and w = 1.

For the spherical or conical coordinate systems e, is directed

3
toward the radial direction and w = mw.

For the other five coordinate systems, this resolution fails to
apply. However, for problems with axial symmetry, one of the dis-
placement components vanishes and the rotational part of a displace-
ment vector is determined by a single wave potential. Hence the number
of separable coordinate systems for a vector wave field is increased
to nine with the addition of parabolic, prolate spheroidal, and oblate
spheroidal coordinates. Solutions for vector wave equations in pro-
late and oblate spheroidal coordinates and with axial symmetry are

discussed in Refs. (2.6) and (2.7).

3. TWO-DIMENSIONAL APPROXIMATIONS OF ELASTICITY

IN THE MOST GENERAL CASE, the displacement components in Eq. (2.26)

are functions of time ¢ and three spatial coordinates Ty Ty and Tge
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The equations, even when they can be reduced to wave equations, have
four independent variables. Their solutions are indeed very difficult.
In many applications, the elastic body of concern has a charac-
teristic length in one direction either much longer or much shorter
than the others. Furthermore the cross sections along that direction
may be uniform. Typical examples are the footing of a wall resting
on a large foundation, a long tunnel under a flat surface, and a thin
plate with constant thickness. When bodies with such geometry are sub-
jected to a special distribution of external forces, various approxi-
mations can be made of the displacement components to simplify the
equations of motion.
Two types of geometry are of special interest. One is that of
a bulky solid with uniform cross section along one direction. A long
cylindrical underground tunnel is a familiar example (Fig. 3.1). Prob-

lems of this type can be classified as anti-plane strain or plane strain,

according to how the external forces are applied. When a distributed
force is applied parallel to the lengthwise direction Aau in Fig. 3.1)
such that the dominant displacement is in that direction and has con-
stant magnitude along the lengthwise axis, the problem falls into the
category of anti-plane strain. If the force is applied perpendicularly
to the characteristic length, and distributed uniformly in the length-
wise direction, there is then functionally no displacement along that
direction. It is a problem of plane-strain.

The second type of geometry is that of a thin plate of uniform
thickness. The plate could be perforated, or it may have cracks.

Plates with external load applied parallel to the mid-surface are

5 TWO-DIMENSIONAL APPROXIMATIONS 65

Fig. 3.1. Geometry of Plane Strain
and Anti-Plane Strain

: grouped as presenting problems of generalized plane stress. When the

e o e i ot oo et

forces are applied transversely to the plate, the problem is one of
, bending.

These four types of problems will be defined more precisely in
the following subsections. A two-dimensional approximation of each
problem is given therein. Whether an actual problem can be treated
by one of these approximations will become clear after the assump-

tions are made evident in each formulation.

3.1. Anti-Plane Strain

Refer a bulky elastic body to a Cartesian coordinate system Zs
Tys L5 and let Zq be the special direction along which the cross-
sectional areas of the body are constant (Fig. 3.1). Anti-plane

strain is defined as

.m ,
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u, =0, (3.1)

u, = sAaH.xw,wV.

3

From (2.23), the stresses for an isotropic elastic solid are

ey O
%13 cvap.
W

Opg = ¥ mmw. (3.2)

11 = 9pp = 933 = 935 = 0.

The assumption (3.1) reduces the third of the equation of motion

(2.26) to a single scalar wave equation

2 wns
W (x, ,x,,t) = p —, (3.3)
1’72 3t

where

2 2
2.2 2%

wsw

L2

Hn.
2

The other two equations are satisfied identically. If the elastic

body is bounded by the surface S defined by

%AHH.HNV =0 (3.4)

the boundary condition for a rigid surface will be

w=0 on 5, (3.5a)
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whereas for a traction-free surface, with outernormal m, the boundary

condition is

W w |
"1913 ¥ %3 = M[cos (¥),m) T+ cos (wy,m) 7—|=0 on 5.

N 2
(3.5b)

Although the equations above are formulated in terms of Cartesian
coordinates, their generalization to cylindrical coordinates is im-
mediate. For this generalization, RH and RN are considered as plane
curvilinear coordinates, perpendicular to the aulmxum. and equation
(3.1) still holds. There are still only two nonvanishing stress com-
ponents, 93 and Op3t Their relation to displacement » should then
be calculated from (2.25) where V is a two-dimensional gradient opera-

tor for the particular plane curvilinear coordinates. The Laplacian

operator in the scalar wave equation should also be converted accordingly.

Under the assumption of anti-plane strain, the dilatation V + u
is zero, and the waves are rotational (S-waves). Because the displace-
ment vector of the wave is always parallel to the awlmxwm. which for
convenience can be taken as lying on a horizontal plane, we shall call
the waves of anti-plane strain SH waves. Strictly speaking, the name
manifests itself only when there is a direction which can be clearly
labelled as horizontal.

The SH wave so defined is mathematically analogous to sound waves
in air. If ¢ denotes a velocity potential such that the velocity vec-
tor of sound wave v = Vg, then ¢ satisfies also a scalar wave equation

2.2

Vo =8, %= (doldp), (3.6)
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where the pressure p and condensation s (the relative change of den-

sity) are related to the potential by

o9 - (3.7)

Thus w in (3.3) corresponds to the velocity potential ¢; a rigid sur-
face in anti-plane strain (w = 0) corresponds to an opening of an
acoustic conduit where the pressure is taken to be zero. A stress-
free surface would be an unmovable wall to a sound wave, at which

the velocity would be zero.

It is to be emphasized that the analogy of sound waves to SH
waves is purely a mathematical one. Physically, the sound wave is of
the dilatation type, and for plane waves, the motion of air particles
is in the direction of propagation. It is a longitudinal wave. The

plane SH wave is a transverse wave.

3.2. Plane Strain
Referring to the same geometry as illustrated in Fig. 3.1, plane

strain is defined as

u, = :AHH.RNUWV,

1N
]

iaw.sm.wv. (3.8)

0.

Because of this assumption, the shearing stresses along the lemxwm
QHu. owu are always zero, and the normal stress ouw is related to

the others by
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. qwu = |<Aapw + QNNV.

In Cartesian coordinates, the other nonvanishing stresses are

related to displacements by

u u ouU
=) —X o, B =
qam A ™ aﬁm +u Py + ryel B a,B,y = 1,2. (3.9)
Y B a
. They resemble (2.23) in general form except that the indices only

take the value of 1 and 2. Similarly, the equations of motion reduce

to two scalar equations:

mmx mmx wm:

o] 8
G+ 3z 3z, T M 3% oz T o%m =e m. a,B = 1,2;
Qm QQ

(3.10)
the third one vanishes.

The decomposition of the displacement vector into two potentials

still applies. The condition (3.8) is satisfied if in (2.30)

¥ = eow.

Thus, instead of (2.30) and (2.31), we have for a plane strain:

v = <6A8H.8m.wv + V x moweaauvam.wv_ (3.11)
and
2.2 . 2
vy = §, = (A + s
pl =@ e, ( 2u) /o
h (3.12)
2.2, 2
eV V=9, e, = u/p.

The above equationms, together with the stress-displacement relation
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g =2V + 0+ uVu+uw), (3.13)

complete the field equations for plane strain. All quantities in

(3.11) to (3.13) are independent of x, coordinates and v and g are

3

two-dimensional vector and dyadics, respectively.

From (3.11), we find that the shear wave derived from the poten-

tial ¥ in plane strain has displacements

= we\mam. = |we\waw.

U Uy
The displacement vector is always transverse to the am:mxwm. We shall
call the shear wave defined by. (3.11) and (3.12) an SV-wave in the

following studies.
3.3. Generalized Plane Stress

For an elastic plate under the action of external forces applied

parallel to the mid-plane (Fig. 3.2), calculations of the displacement

2b
Ty

Forces

Fig. 3.2. Geometry of Generalized Plane Stress
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or stress variation across the plate thickness are very difficult.
In a case where the plate thickness is small in comparison with the
wavelength and other dimensions, a set of two-dimensional equations
can be derived for the average values of displacement and stresses
across the thickness. The appropriate equations were obtained by

VAH.HNV

Poisson (1829 and Cauchy AHmNWVAu.HV by expanding the displace-

ment components into power series of the thickness coordinates and
truncating the series at various orders of approximation. Given here
is a brief account of the equations with a derivation similar to that

vAu.NV

by Filon (1903 for generalized plane stress in elastostatics.

Let the z,-%, coordinate plane be the mid-surface of the plate,

and denote the average stress and displacements by |.%. mu
- H Nu
:maaw.aw.wv =% > :%Aaw.an.au.wv&au. (3.14)
- 1 U
q&.@nw.an.wv = wﬂ%é o&@p.an.aw.wvm&u. (3.15)

where 20 is the thickness of the plate. Since the plate is thin and

free from stresses at surface Rw = b, we assume that

Gpqy = 0oy =0

31 = 933 = 935 = O (3.16)

In the stress equation of motion (2.12), if the same average

procedure is performed, we have, with %w =0

wmem - X
= T oxw =pr
[+ ot

’ a,8 = 1,2, (3.17)

Similar average processes are performed for the strain displacement
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relation, (2.5), and the stress-strain relation (2.20)

1 = ymw»mw% + Ncmm..
i, = 1,2,3. (3.18)
(™, ¥

Since muu = 0 by assumption, the average normal strain €33 is related
to the other two by
5 A To+e (3.19)
= - + .
€33 e 1t
Substitution of the above to (3.18) results in
- - -
Qﬂ.w = A m<<aﬂm + N:mo.n
or
S au w
G, =X y 5+ ul=2+=L), a,B,y = 1,2, (3.20)
aB m8< of wam map
where
At w2 (3.21)
A+ 2 1-v
Combining (3.20) with (3.17) gives
2- 2- wmt
3 u 37u - :m
] a 4+ u 8 +OH. =0 ’ Q.vm“ HuN-
Q'+ N wox ' P8 o2
(322)

Withu# , © g defined by Eqs. (3.14) tnrough (3.16), Egqs. (3.20) and
o a

(3.22) complete the generalized plane stress equation. All quanti-

ties in the above equations are independent of the xwlnoonawsmnm.

ES
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Comparison of Eqs. (3.20) and (3.22) Jxmn: Egqs. (3.9) and (3.10)
for plane strain shows that these two formulations are mathematically
identical, the only difference being that the material constant A in
plane strain is replaced by A’ = 2Au/(A + 2u) in plane stress. Thus
the solution for a long bulk solid can be converted to the one for a
thin disk and vice versa, providing all other conditions are the same.
From plane strain solution to plane stress solution, we simply replace
A by X' and leave the constant u :zmrmnmma. If a solution for a plane
stress is known, changing A to 2A’u/(2u - A’) will convert it to the
one for plane strain. Conversion of other elastic constants are sum-

marized in Table 3.1.

Table 3.1

CONVERSION OF *ELASTIC CONSTANTS IN PLANE ELASTICITY

Plane Strain to Plane Stress to
Constant Plane Stress Plane Strain
) 2)u 2\u
X+ 2u 2u - A
U u ¥
v - __ v __
1+wv 1-v
£ E H+Ncn E >
1+v) 1-v

Unlike the plane strain solution, the plane stress solution is
formulated in terms of the average stresses and average displacements
across the thickness of the plate, not in terms of the pertinent values

at each field point. It may thus lead to erroneous results when the
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»
displacements vary sharply across the thickness. Such is the case

when the plate vibrates longitudinally at high frequencies. A com-
parison with the results based on three-dimensional elasticity theory
shows that the generalized plane stress approximation for a plate is
valid when the frequency 1is less than anm\ww and when the wavelength
is longer than mav.ﬁu.wv

Under the plane stress assumption, the displacement, a two-dimen-
sional vector, can be determined from two potentials ¢ and ¥ as in
(3.11). The field associated with ¥ is still the SV wave, but that
part from ¢ is no longer the P-wave. The waves of ¢, still dilata-

tional, travel with the speed
el =[(A'+ N:v\ouw = [2u/p(1 - c:w. (3.23)

They are known as the extensional waves in plates.

3.4. Bending of a Plate

If the plate discussed in the previous subsection is subjected
no.mxnmuamw forces applied perpendicular to the plate, waves of an
entirely different nature are generated. To analyze the dominant
feature of the plate motion under such forces, we assume that (Fig.

3.3)
:pﬁaw.an.au.wv = auepﬁau.aw.wv.
ﬁMAHHuHNqu-WV = HuewaﬂH.HN.ﬂv- Au.Nbv

:uAaH.HN.au.wV = eﬁaw.am.wv
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and define
b
QQ.WAHH?dN‘WV H-‘.I@ HwQQmAHHuRNun-WV%Mo

a,8 = 1,2, (3.25)

b
@mAaw.aw.S n.‘.nw qum@p.awnau.&&au.

3
q
My, 29
N ==~
@2 \VTIQIII ; 2
: Ma1 ]
UM Ty 77 ] /
P
1

Fig. 3.3. Bending of a Plate

Assuming further that
b
Euwosw.aw.wv n.—.lv Huauwﬁaw.an.au.wv&xw = 0, (3.26)
we obtain, upon multiplying the stress displacement equations (2.29)

by x4 and integrating over the thickness,

% 3y
‘ut Mt Pt )
Wy, WM
Oppt Ewm =D wam + v w&u , (3.27a)
Y Y
: = o —2 4+ —2
912 Myp = W l\om taz )

2 1
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where

=233,  D=o2uI/A -v) = 2330 - ud),

and use has been made of (3.24) and (3.26) to express Hawmuu&&w in

terms of HameH&8u and \smeN&au. Integrating the remaining two equa-

tions from -b to b, we obtain

. -
O13f @ = 2ub(vy + o, )
(3.27b)
) _ W _
Oy3t @y = 2ub(¥, + oz, )

Equations (3.27), which relate the bending moment Epm and shear force )
@Q to the rotation of a cross section eQ and the deflection of the
plate w, are a set of two-dimensional equationms. They replace the
general stress displacement relations.

The stress equation of motion can be modified accordingly. Mul-
tiplying the first two (j = 1,2) or (2.12) by Tq and then integrating

over the plate thickness for all three equations, we obtain

2
mEHH wEMH 3 eH
. T ox. @H =0l =5
1 2 a9t
M. oM 3%y
2 22 2
et m @ el 5 (3.28) >
1 2 at
3Q 39 2
w8H+m&N+Q nmowmuewv. >
1 2 ot

The quantity q = ﬁauwumw is the result of normal stresses applied to

the upper and lower surfaces of the plate.
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In the classical theory of the bending of plates, the effect of
shear force on deflections is neglected, or equivalently the plate
rigidity in resisting shear force is assumed infinite. This reduces

(3.27b), with Qn\mwﬁ + 0, to
o= - o =1,2.

Physically, this means the angle of rotation of a cross section equals
the slope of the mid-plane. Through this assumption, the moments are

related directly to the curvature of the deflected plate by

2 2
= -pldw dw
&HH D waw + v ) 2 b
1 o)
2 2
Y R W
kNN D WMM.+ v MIM , (3.29)
2 %
2 2
_ 3w 3w
M. = -2ul =-(1-v)D .
12 wswmam wawwaw

Furthermore, in the classical theory, the effect of rotatory in-
ertia, the term oNeQ in (3.28), is neglected. Thus the first two equa-

tions of (3.28) give rise to the magnitudes of shear force due to

bending,
9 = mmww * wmww = D5 T,
1 2 1
(3.30)
@Numm+w“knnbwwl<~s.
1 2 2
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where

Substitution of the above into the third of (3.28) results in

2
o922 + 2bp mlwn =q. (3.31)

at

This is the classical equation of plates in bending.
If the motion is harmonic in time with frequency w, the deflec-

tion has the form

—twt ’
sﬁaw.am.wV = tARH.anw

and W satisfies the equation (q = 0)

- yw=0, = m.wp w2, (3.32)

Let W = QH + W The above equation is satisfied if

N.
@+ vhw = o,
(3.33)
2 2
V" - v vtw = 0.

~twt >

The first is a Helmholtz equation, and twm represents the wave

motion in the plate. The tN represents a wave attenuating as it pro-

gresses. Combination of these two parts constitutes the flezural wave

in plate.

The phase velocity of plane harmonic flexural waves is
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cp = w/y = Y(012bp)% = vbe [2/3(1 - wit. (3.34)

The wave 1is dispersive, as the wave velocity depends on the wavelength
(2n/y). As in the case of generalized plane stress approximation, the
classical theory for the bending of plate is also limited to low fre-
quencies AAo.mnm\@v and long wavelength Adev.Aw.bv

Derived above are the basic equations of motion for the different
approximations. These equations will be used to solve specific prob-
lems for various geometrics and boundary conditions, and for steady-
state, as well as for transient responses.

In the following section, a method for determining steady-state

response and transient response will be presented.

4. STEADY-STATE AND TRANSIENT RESPONSES OF AN ELASTIC SOLID

IN THE PRECEDING SECTIONS we derived the displacement equations of
motion for a homogeneous, isotropic linear elastic solid and the
various two-dimensional approximations. Symbolically, the equations

(2.29), (3.3), (3.10), (3.22), and (3.31) can be represented as
bﬁxﬂam.wvw + owwAaw‘wv = omﬁaw.wv. (4.1a)

where u 1s a scalar or a vector, u%w is the body force, and L is a
linear differential operator. When the body force is neglected, Eq.

(4.1a) becomes

hhxﬁam.qu = omnam.wv. (4.1b)

It might be of interest to note here that we have not mentioned
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any external force other than the body force. Of course the motion

of the elastic body will depend on the nature of the external force,
%Aaw,wV. The applied force may arise as an internal or surface source,
or in the form of boundary conditions and initial conditions. Thus

we may consider the problem from two different points of view. If

the external forces are treated as sources, then the governing equa-

tion becomes

hA:Aaw.wvw = py - wAHﬁ.Wv. (4.1c)

where %Aaw.wv describes the source density, giving not only the dis-
tribution of sources in space but also the time dependence at each
point in space. Since we have considered all applied forces as sources,
Eq. (4.1c) must be accompanied by a homogeneous boundary condition.

Contrary to the above, let us now consider the applied force
%Aaw.wv as boundary and initial conditions. Then, the governing equa-
tion is the same as Eq. (4.lb)--in other words, a homogeneous equation.
However, the boundary conditions which are associated with the problem
now become inhomogeneous.

A fundamental property for the linear differential Eq. (4.1) is
that, if u’ and u" are solutions, i.e., L{u'} = p#i' and L{u"} = ou”,
then u = e,u' + e,u" is also a solution, where ¢ and ¢

1 2 1 2

constants. In general, if

are arbitrary

1Py =™ -5, s 12,3,

then

u=7ou™® (4.2)
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also satisfies Eq. (4.1). We shall on occasion replace the sum by an
integral.

We have seen through the formulation above that the motion zﬁaw.ﬁv
is caused by an externally applied force %Aam,wv~ viewed either as
sources or as boundary conditions. 1In both cases, we shall call all
the applied forces source or imput, and the consequent motion of the
elastic body response or output. Determination of the response for
a given imput is our primary concern.

The input-output relationship for an elastic body is complicated,
because u and f are functions of spatial coordinates x;, as well as
functions of time ¢. However, in our present discussion on the steady-
state responses or transient responses, we need not include such com-
plications. We shall focus our attention on the response of a fixed
spatial point, and examine its time history as a result of the applied
sources.

With regard to time dependence of the response, an elastic body

is assumed to follow two basic conditions: the condition of causqlity

P e

and the condition of wL@mﬁmmwn%maxqm. A function f(t) is causal if

wr

0, t <o,
@) = (4.3)
ft), t>0.

The condition of causality states that if the input [ (%) is causal,

the output u(t) is also causal, i.e.,

0, t <0,
u(t) =
u(t), t > 0.
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As is clear from this condition, the problem of an elastic body with

time dependent initial stresses is ruled out.

The condition of time invariance is that if u(%) is the response 5

for the source f(t), then the response to f(t - wuv is u(t - wwv where

t, is any constant. This condition is satisfied if the coefficients

1
of the linear operator L are time independent, as is true for an elas-
tic body with constant material constants.

As a function of time, the response will be classified as either
steady-state or transient, as mentioned briefly in Section 2.6. We
shall elaborate the properties and relationships of these responses in
the subsequent discussion. We have left out much of the mathematical
rigor in the analysis of the transient response, such as the inte-
grability of a function and the approach to singular functions from

the theory of distributions. We shall present only the techniques

which will be used repeatedly in the rest of the book.

4.1. Steady-State Response

Let us consider first the steady-state response, since it is
mathematically less complex than the transient response. By steady
state we mean a response that is simple harmonic in an unbounded time

domain. Usually, it is represented by

u(t) = 44, e <t <o, (4.4)

where A is a complex number. As mentioned in subsection 2.6, only the
real or the imaginary part of (4.4) is taken to represent the motion.

Simple harmonic motion of an elastic solid can arise either during
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free or during forced vibrations. For a bounded medium, it is pos-
sible to start a system by giving it an initial displacement or an
initial velocity (impulse) which is compatible with one of the prin-
cipal modes of the body. The subsequent free vibration is simple
harmonic with a frequency equal to the corresponding principal fre-
quency. Since the principal modes are usually very complicated for
an elastic solid, excitation of this type seldom occurs. On the
other hand, a simple harmonic source or simple harmonic forces applied
at boundaries will generate forced motion of the system. After suf-
ficient time has elapsed, the irregular initial disturbance of the
forced motion dies out owing to a small damping inherent in all sys-
tems. What remains is a simple harmonic motion of the same frequency
as the source.

In either case, the dependence on time for the response may be

separated off as

:Aam.wv = Qaawgevmwmsw. (4.5)

where QASm.sv is a function of the spatial coordinates for a given
frequency. The problem of determining the steady-state response for

a source

eyt = Faywe™™ (4.6)

or the corresponding excitation appearing in the boundary condition,

is then reduced to solving the equation

LUz} = 0020z, u) 4.7)

with the appropriate boundary conditions.
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When the displacement potentials ¢ and ¥ are used as in (2.31),
the wave equations reduce to the familiar Helmholtz equation for steady-
state response. We note that no initial conditions arise here due to
the steady-state motion. We have chosen the zero time of observation
long after the initiation of the motion. As far as the observer is

concerned, the harmonic motion was started at time t = -»,

+
When the source has a magnitude of unity, i.e., f(¢) = wlsew. the

i
coefficient of musew in the steady-state response is called the admit-
tance of the elastic system. In terms of Egqs. (4.5) through (4.7),

we may define the admittance as
XAH& sw) = QAR.&-Eu\m_AR& s0) . (4.8)

Knowing the admittance x of an elastic body and the magnitude of the

external source F, the steady-state response is simply

sﬂaw.wv = wmam.svaam.evmwmew.

If we are interested only in the steady-state response to simple
harmonic forces there would be nothing more to say, and we would go
directly to the specific problems. However, in many problems of prac-
tical interest, we are more interested in the response of an elastic
system to an aperiodic disturbance, or in cases when the source is
applied to the body suddenly. Therefore, we shall now address our-
selves to the transient response problem.

The Fourier transform, and the related Laplace transform, are
techniques used frequently for solving the transient problem, In the

following subsections we shall discuss both techniques.
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4.2. Fourier Transform

The Fourier transform F(w) is defined by

1" Lwt
F(w) = ||4‘. (t)e dt. 4.9
V2md = d ( e)

(See Refs. (2.3), (4.1), and (4.2) for a class of f(¢) such that F(w)

exist.) The function f(t) can be determined from F(w) according to

the Fourier integral theorem:
F(t) = Wla %w LT ey (4.10)
-0 —0
Introducing F(w), the above may be written as
£ty = Fh Fwe " du. (4.9b)
V21 J =

Equation (4.9b) is often referred to as Fourier's inversion form-
ula, and f(¢) is called the inverse Fourier transform of F(w).

The pair of equations (4.9) then represents the fundamental set
of relations between the time-dependent function f(£) and the frequency-

> dependent function F(w). In general, the function of F(w) is complex:
F®) = B@) + iX(w) = A(u)e?®®).

where A(w) is called the Fourier spectrum of f(t) and ¢(w) is its phase
R angle.

In what follows, we shall list some of the useful simple theorems

and formulas for the Fourier transform.
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(a) Linearity. 1f wwﬁev and HNAEV are the Fourier transform of
%wﬁwv and %NAWV. respectively, and a and a, are arbitrary constants,

then

QH%WAWV + nmﬂwﬂwv hnd QH%HAEV + n»mnﬁev. (4.11)

The notation <> is used here to indicate that function f(f) and
F(w) are related by Eq. (4.9).

(b) Time Scaling. 1f a is a real constant, then

flat) ~ Wﬂ. m@ (4.12)

(¢) Time and Frequency Shifting. 1If the function f(t) is shifted )
by a constant wo. then its Fourier spectrum remains the same, but a

term wee is added to the phase angle

+&woe lp)+t w]
£t -t ) « Flw)e = A(w)e o, (4.13)

and if the F(w) is shifted by a real constant jo. then

-tw t
e % Ff@)«F- w). (4.14)

(d) Time and Frequency Differentiation. The Fourier transform

th

of the n~ derivative of f(t) is

FEE ) (in)'F ). (4.15)

at’

Here f(t) and all its derivatives up to (n-1)th order are as-
sumed to vanish as |t| + ». This class of functions is particularly

interesting since in almost all physical problems the disturbance
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dies out in time. Likewise, differentiating F(w) with respect to

w gives

GtY'r ) « (4.16)

d'F ()
du’
(e) Moment Theorem. This theorem relates the derivatives of

F(w) at w = 0 to the moments of its inverse transform. The :n: BoEnan

m, of f(t) 1s defined by

m, u._‘ %23&. :no.u.».w.:: 2.5

and the theorem states that

0 E P (4.18)
dw w=0

It follows that the onr moment is the area under the curve of
f(t) and represents the value of F(w) at w = Q. Thus, the slope

df/dw at w = 0 is represented by the first moment of f(t), etc.

h

Similarly we may define the nt moment ar of F(w) as :

M u-—. s:wﬁevms. (4.19)

n -00

With Eq. (4.19), the derivatives of f(¢) at the origin, ¢t = 0,

are related to the moments of the Fourier transform F(w) by

?ﬁxzx = mmm s n=0,1,2,3,.... (4.20)
dt
t=0
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Analogous to the previous discussion of ms the value of f(¢) at
t = 0 is then determined by the area under the curve F(w), and the

slope df/dt, at t = 0, is determined by the first moment. That is

dt 1

al - u.‘ WF (0)do. (4.21)
£=0

Equations (4.18) and (4.20) furnish powerful tools for evaluating
the behavior either of F(w) or f(¢) at w = 0 or t = 0, if one of the
functions is completely defined. Furthermore, they are used sometimes
as criteria in the approximate techniques. (See Chapter IV.)

(£). The Time and Frequency Convolution Theorem (Faltung). Last
is the convolution theorem. Let wHAeV and WNAEV be the transforms of
%HAWV and %NAWV. respectively. Then the inverse transform of the

product NHAsV . MNAEV is

|Hl_.a e (W, (w)do = LIW £, (OF, (¢ = Ddr
Jimd 1 2\ /i) 1 2

= £, (). (4.22)

Alternatively, the results can be written as

Haé.ew Hs
& wAEVMAsv&s ||‘. %A.nv.ﬂ.ﬁ\.lavma
o h‘-s 172 Vigd = 7271

ww@v*ﬁ@v . (4.23)

An integral of this form is called a convolution integral of %H and

%N (or a Faltung of %w and wwv.
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In a similar manner, the Fourier transform F(w) of the product
of two functions %Hﬁwvwmﬁwv is equal to the convolution wpnsv*wmAev

of their respective transforms wpebv and wmﬁevn

1 .‘.s fwt 1 (™
- L@, (@) dt Iuh. F -
Vord o 1 %N e ) HA»VwNAE X)dx

.
.\NI:.‘a.a FyQIF (@ = M. (4.24)

For convenience in future reference, the equations discussed above

are presented in Table 4.1.

Table 4.1

PROPERTIES OF FOURIER TRANSFORM

£@&) = LQ P@ea  r) - li.s dut
Vomd < w) o I f@)e ""dt

a;f1() + ayf,(t) aFiw) + a,F,w)

1 W

» flat) HMH.%AMV
Twt
£ -t) Flw)e ©

lmeow

e 7@ Flw - eov
dr ) /at" (~iw)*F (w)
. GEY'F () d'F () /d”
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Sut 1 4.3. Special Functions and Their Fourier Transforms
§(t) = 1 e~y —_ ;
rJ Vor So far we have listed only basic formulas of the Fourier trans-
form; no mention has been made of the type of function f(t) that will
ht) = 0, t<0 11 - be of most interest. 1In dealing with transient responses of elastic
1, t>0 Vor *

bodies which follow the condition of causality, the causal function is

Convolution Theorem: of primary interest.

First, we note that a function can always be decomposed into a

1 (7 1 sum of an even and odd part:
EY*f (t) = I._. F.@B)F (t - 1)dt = l|.‘b f @t - 1), (&)dt ,
%HA ) %N Jord - 1 2 Nord 1 2
F@) = 3IF@) + FC1)] + 3IF @) - F-)] = £,(8) + f,(®).
= F.‘s wl‘msﬁw W)F., (w)dw , If a Fourier transform is decomposed into a real and an imaginary part,
/779 = 1 2
. F(w) = R(w) + 21X (w), (4.25)
1 '
F,(@)*F, (0) = |‘—a F.(A)F, (» - A)d) = ll.‘. F. (@ = A)F,(A\)dr -
1772 Vmd - 1772 Vi) = 1 2 R(w) = IH..‘. £(£) cos wtdt,
,\ Vo
1 Twt
= =) Fi@f (et X(w) = IHIH.. £(£) sin uwtdt.
21/ = o
Moment Theorem: An even function %@qu satisfying the condition
Define
.wmQ\rv = fo(-t),
m u._tu w:%@v& and &z n“\v W F(w)dw ! has the transform X(w) = 0 and
Then - 7 [
R(w) n&w‘» .w.m@v cos wtdt., (4.26a)
0
. &!&u PN &3 ’ =
933: - &em euo. )M, = M.wl:m =0 n=0,1,2,... R The inverse transform is

. %WAS u&.w". R(w) cos wtdw. (4.26b)
0
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Similarly, an odd function %NAWV = |xvﬁlwv has the transform pair

X(w) uAmw‘o £, () sin wtdt, (4.27a)
%QAS H(W.“o X(w) sin wtdw, (4.27b)

and R(w) = 0.
A causal function f(t) (Eq. 4.3) may be treated either as an
even function %mﬁwv or as an odd function %rva over the range

-® < ¢t < » (Fig. 4.1). For the time interval of interest, t > 0,
& = 2f, (%) = N%QAS, t >0, (4.28)

and the transform of the causal function can be calculated from either

(4.26a) or (4.27a), with %Mﬁwv or avﬁwv replaced by (3)/(£).

fre)

Fig. 4.1. Even and 0dd Parts of f(t)

@
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Furthermore, as can be seen from (4.28), (4.26b), and (4.27b),

() =2 2 R(w) cos wtdw =2 2 X(w) sin wtdw, t > 0.
"Jo "Jo

(4.29)

Thus the real and imaginary parts of the Fourier transform of a causal
function are not independent of each other, but one of them can be
computed from the other.

Next, we shall present some special properties of two singular
functions. These functions are of significance because once the re-
sponse of a system to these functions is known, the responses of the
system to arbitrary inputs are determinable, according to the convolu-

tion theorem, by a simple integration.

(a) Dirac Delta Function &(t):
One may describe §(f) loosely as a function which is zero every-
where except at ¢ = 0, where it is infinite, and which has a unit area

under its graph.

8(t) = 0, lt] > o,

.‘. s§(t)dt = 1.

-C0

(4.30)
We shall define the delta function 8(¢) by the following integral for

an arbitrary function @(t):

‘\. §(t - DP(E)dt = (1) (4.31)

-00
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th
@(t) is assumed to be continuous at ¢ = 1. Similarly, the n~ deriva-
tive of &§(t) is defined by
-]
.— L8 =) oyygr - iyt L S8 I (4.32)
- at” at’  |t=t
The Fourier transform of 8(t) is:
F() = Ll% s(t)eHtat - -,
Vor’ - Var
(4.33)

§(t) = Hl._. ey,
-l
(b) Heaviside Unit Step Function h(t):
A function closely related to the delta function is the Heaviside

. unit function A(t), defined by

0, tc<o,
h(t) = (4.34)
1, t>o0,
and
h(t) n.‘. 8 (t)dr, he(t) = 5(t). (4.35)
The Fourier transform of h(t) is
1 (7 twt 11
F(w) = lll‘—- hit)e ““dt = - == 5—; (4.36)
Vord - Vor ¥

R(E) > - == = (4.37)

1
Var
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4.4. Transient Response
At the end of subsection 4.1 we showed that for a Iinear elastic

gystem, the steady-state response to a simple harmonic force wﬁskuﬂew

is mﬁevaaw.svmleEw. where xAsm.ev is the admittance of the system.
Now, to find the transient response of an aperiodic disturbance, f(t),
we first break up f(£) into its simple harmonic components by means
of the Fourier integral
1 (7 Lwt 1 (7 ;
f(t) = ll.\. Fwe " %dw,  Fw) = I% F()e" 4t
Vo1l - Vord =
Then, having solved the steady-state problem to obtain the admittance,
xoaw.sv. we superimpose the components to obtain the response of the
system resulting from the original aperiodic force f(t):
1

lwew
:Aam.wv u MW%\;H& xﬁam.evwmsvm &e. Aa.umv

If the input is a unit impulse, recall that

§(t) < -,

Va1

Then the systems response to §(f) is simply
1 " ~twt
xm@m.wv = wa.\;ns xaaw.evm dw. (4.39)
Due to a delta function input, we refer to :maam.wv as the impulse

response. 1t should be apparent now that the admittance function anm.sv\\Mm

and the impulse response :mAan.wV form a Fourier transform pair.
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For an arbitrary input, we may determine the system response
:Aam.wv by Eq. (4.38), or if we wish, use the convolution theorem as

given by Eq. (4.23). Thus the response to arbitrary input f(%) is:

:G@.wv u‘q»ls %Aavza@m.w - t)dt, (4.40)

or

:Aas..wv u.‘; xmn&wniw@ - 1)dr. (4.41)

-0

Since the delta function is causal, from the condition of causal-

ity the impulse response is also causal. Thus

:m@e..w -1) =0 when ¢t < 1.

It then follows that Eqs. (4.40) and (4.41) can be rewritten as
t
KAR\M .ﬂv "4‘- %Advﬁ&ﬂ.ﬁ& uﬁ - vaﬁv Ab.va
and

:Aas..wv u.‘.o f& - .ﬂv:aoﬁm.av&a. (4.43)

1f, in addition, f(t) is causal, with f(¢ - 1) = O when t < T,

then the above equations are reduced to the familiar Duhamel integral:

t
u(x,>t) n-“o FOugle,;t = t)dT, (4.44)
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or

t
U, ,t) L.o ug (@, ,f (¢ = T)dr. (4.45)

Equations (4.44) and (4.45) are a statement of the principle of super-

position in time as illustrated in Fig. 4.2.

F(r)

xaﬂwv

:&.aﬂ.\.w - 1)

T — t

t

Fig. 4.2. Illustration of the Duhamel Integral
and Unit Impulse Response
Using the formulas given above we may now derive the other familiar
form of Duhamel's integral, that of the response due to arbitrary input
in terms of the response to a Heaviside unit function, h(t), Eq. (4.34).
Letting :w@w.s denote the indicial response, that is, the response

to a unit step function % (t), then according to (4.45) we have

t
xw@w.wv u‘\.o :anﬁm.av&a, (4.46)
or

&:w@w.wv
dt = :a AH& »t). (4.47)

’ -
» :x@e..»v =
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It follows from (4.44) that the response to an arbitrary f(t)

can be written as
t
:Aam..wv u.“ .23:&@ - 1)dT, (4.48)
0
or after integrating by parts once, we have
t
u(x,,t) = f(Ou, () +) fF'(Dw (¢ - t)dr. (4.49)
€ h 0 h

Equation (4.49) is another form of Duhamel integral. Again it
is merely a statement of the method of superposition in time as illus-

trated by Fig. 4.3.

f(o

o

foyI T

B\

-

:aAw - 1)

t

Fig. 4.3. Illustration of Duhamel's Integral
and Step Response
To summarize, the transient response u(t) of an elastic body due
to an arbitrary source f(t) can be determined by one of the following
three ways:
1. Finding the steady-state response or the admittance X(w) in
(4.38) of the same body and the Fourier spectrum F(w) of f(£), (4.9),

then using (4.38):

@
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u(t) = -

F(w)x( vmlmsw& 3 4,
) W w w (4.50)

2. Finding the impulse response :mﬁwv due to a delta function

gource, then using (4.43):

£
u(t) n.—o ft - Dug(ryde; (4.51)

The functions :mﬁwv and x(w)/Y2m form a Fourier transform pair (4.39)

ug (t) = NH!‘_‘ % x(wye T8, (4.52a)
m -0 m
% x(w) = Mll .q ug ()e % at s (4.52b)
: -0

3. Finding the indicial response :wﬁwv due to a unit step func-

tion source, then using (4.49) for the causal function f):
7
u(t) = %novxw@v +“. uzﬂ.nv:w@. - t)dr. (4.53)
0
Indicial response and impulse response are related by (4.46) and (4.47)

4.5. Laplace Transform

In dealing with transient problems, the source functions in most
cases are causal. By the condition of time invariance, the response
is also a causal function. For problems of this type, the Laplace
transform is frequently used. - The Laplace transform wnﬁmv of a func=-

tion f(£) is defined as
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00
-8t
H»Amv n.—. f(t)e ““dt. (4.54)
0

The inversion formula is

Y+

£(t) = .Nwﬂ.— F,(s)e°%ds, (4.55)

y-ie

where y is a real constant which can have any value such that the path
of integration on the complex s-plane lies to the right of all singu-

larities of mpAmv.

The above pair of transforms can be derived formally from the

Fourier integral. Consider the function

-é wo.
£, = Aw. AR (4.56)

Replacing %ﬁawv in the Fourier integral formula (4.10)

00 = Wlﬁ_‘ %.‘ Gtult - 3?3&.

-0

by (4.56), we have

£ = 5= wé.-. m-s.%%._.o Flrye T T,

If in the above we set 8 = Y - Zw and

NE u.‘ f(v)e ®'dr,
0
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then

00

HORE - IR O TR

1 Y

2n1

Fy(e)e®%ds.
y-i®

The last equation is the inversion formula Ab.mmv. It 1s thus seen
that the Laplace transform is but another form of Fourier transform.
In fact, for causal function f(%), wnAmv in (4.54) is just /27 times
the Fourier transform F(w) when s is identified with -Zw.

Equations analogous to (4.11) through (4.24) can also be derived

for the Laplace transform. They are listed in Table 4.2.
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Table 4.2 CHAPTER I REFERENCES
PROPERTIES OF LAPLACE TRANSFORM

1 (Y
F& =77} .
y=ie

a f1(8) + ayf, ()

flat)

f - uc~

st

e ° 1)

&)

n

de

7 (t)

F(s) u.‘.a Ftre 8%t
0

nwwwmmv + QNWNAmV

F(e - mov

8"F(s) - m=|H§A+ov...

. FOD 40y

nd'E

ds”

(-1

W
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